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Abstract. In this paper, we initiate the study of nonassociative strict deformation quanti- 
zation of C*-algebras with a torus action. We shall also present a definition of nonassociative 
principal torus bundles, and give a classification of these as nonassociative strict deforma- 
tion quantization of ordinary principal torus bundles. We then relate this to T-duality of 
principal torus bundles with H-Qux. In particular, the Octonions fit nicely into our theory. 



Introduction 

We shall present a definition of nonassociative principal torus bundles, inspired in part by 
the work on noncommutative principal torus bundles [9l[T0l[TT], and by our earlier work with 
Bouwknegt, [5l |6], on nonassociative C*-algebras that were T-duals of spacetimes that are 
principal torus bundles with background H-fiux. In the previous work (with Bouwknegt), we 
were unable to give an independent geometric description of these nonassociative algebras, 
however here, we achieve such a description in many interesting special cases via nonasso- 
ciative strict deformation quantization initiated in this paper. More detailed motivation for 
this paper arising from string theory is explained in Section 2. 

Associative operator theoretic deformation quantization was studied in detail by Rieffel 
j23] (see the references therein), who called it strict deformation quantization, mainly to 
distinguish it from formal deformation quantization. Formal nonassociative deformation 
quantization has been previously studied in the mathematical physics literature, cf. |8|[T2 | [20 | 
21] . but as far as we know, ours is the first paper to analyse strict nonassociative deformation 
quantization via nonassociative operator algebras or C*-algebras in tensor categories O [6] . 
More precisely, we define and study nonassociative strict deformation quantization of C*- 
algebras with a torus action, and apply it to show that some of the T-duals of spacetimes with 
H-fiux that are principal torus bundles (of rank > 3), are nonassociative strict deformation 
quantization of principal torus bundles (with basic H-fiux), thereby giving a satisfactory 
description of the T-dual at least in these cases. 

In |5l E] we showed how a natural definition of T-duals in terms of crossed products could 
lead to nonassociative algebras. For a locally compact group G and a Moore 3-cocycle 
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G Z^(G, T) (or more conveniently an antisymmetric tricharacter [5]), the twisted compact 
operators 1C^{L?{G)) provide a simple example of such an algebra: one starts by giving the 
integral kernels Kj defining compact operators a deformed product 

{Ki-k K2){x,z) = / (f){x,y,z)Ki{x,y)K2{y,z)dy. 
Jg 

More generally, nonassociativity can occur for an algebra A whenever Co{G) acts on A, so 
that (j) E Co{G X G X G) acts on {A® A) A. Using this to identify (A^ A) iS) A with 
A^ {A<^ A) leads to nonassociativity in products of three elements in A. (We shall refer to 
this as 0- nonassociativity.) In the case of the kernels we can take the action of / G Cq{G) 
to be {f.K){z,w) = f{zw~^)K{z,w), [3 Section 10]. An action (3 (of G) by automorphisms 
of A is consistent with this if f3x[f.a] = px[f].(3x[a] where Px[f]{y) = f{xy). 

One of the aims of this paper is to show that the nonassociative bundles of [5] have a 
characterisation analogous to that of the noncommutative principal bundles of [HI [TT]. In 
fact, we shall see that this automatically allows for noncommutativity as well. 

The paper starts with a section showing that nonassociative torus algebras can be viewed as 
nonassociative strict deformation quantizations of their associative counterparts, and Section 
2 relates these nonassociative torus algebras to T-duality, which is a fundamental symmetry 
in string theory. In Section 3 we introduce a definition of nonassociative principal torus 
bundles and show in the next Section 4 that the bundles encountered in [5] are examples of 
such bundles. This involves an interesting new variant of the Takai duality Theorem, which 
combines duality with MacLane's notion of strictification to strictly associative categories. 
The nonassociative principal torus bundles are then classified in Section 5 by a minor modifi- 
cation of the classification of noncommutative principal torus bundles [HI [11]. Finally, in the 
appendix we show that the Octonions (stabilized) can also be recovered as a nonassociative 
strict deformation quantization. 

1. Nonassociative torus and nonassociative strict deformation 

quantization 

In this section, given a T — C*-algebra A, where T is a torus, together with a circle 
valued 3-cocycle (p on T, we will define the nonassociative strict deformation quantization 
A^ of A, which is a C*-algebra in a tensor category with associator equal to 0, see [6]. The 
nonassociative torus T^, introduced in [5j, is an example of this construction. 

Let T = V/Ahe a torus, written as the quotient of a vector group V and a maximal rank 
lattice A, and T denote the Pontryagin dual of T. Let G Z^{T, T) be a T- valued 3-cocycle 
on T. 

Following the constructions of |5l Section 4], consider the unitary operator m(/3,7) acting 
on L'^{T) given by 

(M(/3,7)V^)(a) = 0(a,/3,7)V^(a) 
for all G L'^{T). We easily verify that 

0(a, 13, -f)u{a, I3)u{al3, 7) = ^a[u(/3, 7)]u(a, l3-f) 
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where = a-d{p{a)) and {p{a)ip){g) = ip{ga) is the right regular representation. One can 
define, as was done in jSjE], a twisted convolution product and adjoint on C(T, /C), where 
/C = /C(L2(f )), by 

(1) (/ 9){x) = f{y)^9{y~^x)]u{y, y-^x) , 
and 

(2) f\x)=u{x,x-')-'Uf{^'')r- 

The operator norm completion is the nonassociative twisted crossed product C*-algebra 
known as the nonassociative torus which was first defined in [5], 

T^ = lC{L\f)) X5,„f. 

When (j) is trivial, the nonassociative torus specializes to the continuous functions on the 
torus T, stabilized. 

Our next goal is to extend this construction to general C*-algebras with a T-action. Let A 
be a C*-algebra with a continuous action a of T and (p G Z^{T, T) be a T- valued 3-cocycle 
on T. Then we define the nonassociative strict deformation quantization of A, denoted A^ 
as follows. 

We have the direct sum decomposition, 

a®k: ^ ®^^fA^®K: 

where K. = IC{L^{f)) and for x e f , 

Ay^^ := {a e A \ at{a) = x{t) " « Vt G T} . 

Since T acts by T^r-automorphisms, we have 

A^- Ari^ A^ri and A^ = A^-i ^x^V^T. 

The completion of the direct sum is explained as follows. 
The representation theory of T shows that A^ is a T-equivariant dense subspace of A, 

where T acts on A^ as follows: at{a^) = x{'t)'^x t E T. Then 0^gf^x 

completion in the C*-norm of A. Let 

iA0}Cf'' = ^A^®IC. 

The product on A®1C then also decomposes as, 

(ab)^ = ^ ^xi^X2 

XiX2=X 

for xii X2i X ^T. The product can be deformed to a nonassociative product on ^® /C by 
setting 

XlX2=X 
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We next describe the norm completion of the deformed algebra. Let denote the univer- 
sal Hilbert space representation of the C*-algebra A®1C (with its usual product) which one 
obtains via the GNS theorem. By considering instead the Hilbert space % = 'Hi®L'^{T)®l-L2, 
where is an infinite dimensional Hilbert space, where we note that every character of 
T occurs with infinite multiplicity in L'^{T) ® 7^2, we obtain a T-equivariant embedding 
G7 : ^ /C — 7- B{T-L). The equivariance means that 

Now consider the action of {A ® /C)"'^ on "H given by the deformed product ^ir^, that is, for 
a e ® K)"^^ and eTi, 

XiX2=X 

The operator norm completion of this action is by definition the nonassociative strict defor- 
mation quantization of A. It is a C*-algebra in a tensor category with associator equal 
to 0, see [B]. Let A = C{T), which is a T — C*-algebra where T acts on itself by translation. 
Let be a circle valued 3-cocycle on T. Then C(T)^ = C*{T)^, is just the nonassociative 
torus, also denoted by T^f,, which was previously described. 

We might ask whether this can be understood using the Landstad-Kasprzak approach, as 
in [11]. (A crossed product B = A^iaG of a. C* algebra ^ by a locally compact abelian group 
G acting as automorphisms by a : G — Aut(^) has a dual action a of the dual group G. 
Landstad noticed that the crossed product also has a coaction of G given by a homomorphism 
A : G — )■ IAMB to the unitaries in the multiplier algebra, such that a{S,){X{g)) = ^{g)X{g) 
for all g & G and ^ G G; moreover, the existence of such related G- action and G-coaction 
on a C*-algebra B, characterises i3 as a crossed product. Kasprzak noticed that for such an 
algebra B and an antisymmetric bicharacter u defining a 2-cocycle on G one can obtain a 
deformed action = A(m(^, also satisfying Landstad's conditions. Consequently 

there must exist a deformed algebra Au, such that Au Xa„G = B = A xia G, where is 
the dual to a".) However, if we followed precisely the route in [5], then a nonassociative 
algebra A^ would have a nonassociative crossed product B and we could not possibly have 
A^ Xqii G = B = a xiaG. Of course, the constructions of [5, Appendix A], which we discuss 
below, allow us to strictify the product in the sense of category theory, that is to remove the 
nonassociativity. It does seem likely that a more sophisticated approach along those lines 
could work, but we leave that for future investigation. 

We should also note that this notion of deformation is not quite the usual one since the 
condition that the restriction of to A-*- x A-*- x A-*- is trivial builds in a certain rigidity 
(where A^ C y is the set of characters trivial on A). 

2. The relation to T-duality 

We begin by summarizing T-duality for principal torus bundles with H-flux. T-duality, 

also known as target space duality, plays an important role in string theory and has been the 

subject of intense study for many years. In its most basic form, T-duality relates a string 
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theory compactified on a circle of radius R, to a string theory compactified on the dual 
circle of radius by the interchange of the string momentum and winding numbers. T- 
duality can be generalized to locally defined circles (principal circle bundles, circle fibrations), 
higher rank torus bundles or fibrations, and, in the presence of a background H-flux which is 
represented by a closed, integral Cech 3-cocycle H on the spacetime manifold F, it is closely 
related to mirror symmetry through the SYZ-conjecture, 

A striking feature of T-duality is that it can relate topologically distinct spacetime mani- 
folds by the interchange of topological characteristic classes with components of the H-flux. 
Specifically, denoting by {Y, [H]) the pair of an (isomorphism class of) principal circle bun- 
dle TT : y — )■ X, characterized by the first Chern class [F] G H^{X, Z) of its associated line 
bundle, and an H-fiux [H] G H^{Y,Z), the T-dual again turns out to be a pair (Y, [H]), 
where the principal circle bundles 

T ^Y , T ^Y 

TT 5f 

X X 
are related by [F] = 7r*[i/], [F] = 7r*[if], such that on the correspondence space 



YxxY 




X 



we have p*[H] -p*[H] = 

In earlier papers we have argued that the twisted K-theory K*{Y, [H]) (see, e.g., [2]) 
classifies charges of D-branes on Y in the background of H-flux [H] [7], and indeed, as a con- 
sistency check, one can prove that T-duality gives an isomorphism of twisted K-theory (and 
the closely related twisted cohomology H'{Y, [H]) by means of the twisted Chern character 
chn depicted by the vertical maps in the diagram below) [3] 

K'iY,[H])^K'+'iY, [H]) 

H'{Y,[H])-^H-+\Y,[H]) 

where the top horizontal map is the T-duality isomorphism in (twisted) K-theory and the 

bottom horizontal map is the T-duality isomorphism in (twisted) de Rham cohomology. The 

above considerations were generalized to principal torus bundles in p', 'B] . 
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Since the projective unitary group of an infinite dimensional Hilbert space PU('H) is a 
model for K{Z,2), we can 'geometrize' the H-fiux in terms of (an isomorphism class of) a 
principal PU('H)-bundle P over Y. We can reformulate the discussion of T-duality above in 
terms of noncommutative geometry as follows. The space of continuous sections vanishing at 
infinity, A = Co(Y, £), of the associated algebra bundle of compact operator /C on the Hilbert 
space £ = Pxpy(-^)/C, is a stable, continuous-trace, C*-algebra with spectrum Y, and has the 
property that it is locally Morita equivalent to continuous functions on Y. Thus the H-fiux 
has the effect of making spacetime noncommutative. The K-theory of A is just the twisted 
K-theory K*{Y, [H]). The T-action on Y lifts essentially uniquely to an R-action on A. In 
this context T-duality is the operation of taking the crossed product ^ x R, which turns 
out to be another continuous trace algebra associated to {Y, [H]) as above. A fundamental 
property of T-duahty is that when it is applied twice, it yields the original algebra A, and 
the reason that it works in this case is due to Takai duality. The isomorphism of the D- 
brane charges in twisted K-theory is, in this context, due to the Connes-Thom isomorphism. 
These methods have been generalized to principal torus bundles in pniT8| [T9]. however novel 
features arise. First of all the T"-action on the principal torus bundle Y need not always lift 
to an R'^-action on A. Even if it does, this lift need not be unique. Secondly, the crossed 
product A x R"^ need not be a continuous-trace algebra, but rather, it could be a continuous 
field of noncommutative tori [17] , and necessary and sufficient conditions are given for when 
these T-duals occur. In recent work [IDIIII], we describe the T-duals of trivial torus bundles 
with H-flux that has no component Hq as below, in terms of parametrised strict deformation 
quantization of principal torus bundles with basic H-fiux. 

More generally, as argued in ^ , when the T'^-action on the principal torus bundle Y does 
not lift to an R"-action on A, one has to leave the category of C*-algebras in order to be 
able to define a "twisted" lift. The associator in this case is the restriction of the H-fiux 
H to the torus fibre of Y, and the "twisted" crossed product is defined to be the T-dual. 
The fibres of the T-dual are noncommutative, nonassociative tori. That this is a proper 
definition of T-duality is due to our results which show that the analogs of Takai duality 
and the Connes-Thom isomorphism hold in this context. Thus an appropriate context to 
describe nonassociative algebras that arise as T-duals of spacetimes with background flux, 
such as nonassociative tori, is that of C*-algebras in tensor categories. 

In the following, CT(X, H) denotes a continuous trace algebra over X with Dixmier- 
Douady class H e H^{X, Z) cf. [22j. 

Theorem 2.1. Let H,j G W{X; H^-^{T;Z)) C H^{X x T; Z) for j = 0,1,2,3. In the 
notation above, {X x T, Hq + Hi + H2 + H^) and the parametrised strict deformation quan- 
tization of (Y^q*{H^)) with deformation parameter 0i, [0i] = Hi, further deformed nonas- 
sociatively with deformation 3-cocycle 0, [(f)] = Hq, are T-dual pairs, where the 1st Chern 
class Ci{Y) = H2, that is, 

((CT(F, q*{Hs))^J^ = CT(X xT,Ho + Hi + H2 + Hs) x V, 

where V is the universal cover ofT, which acts on the algebra above cf. [5j. 
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Proof. By [T0| [TT] we know that 

CT(F, q*iH,))^, = CT(X xT,H^ + H2 + H,) x K 
It follows from the basic theory of continuous trace C*-algebras that, [22], 
CT(X xT,Ho + Hi + H2 + H^) = CT(X xT,Hi + H2 + Hs) ®Co(XxT) CT(X x T, Ho) 

= CT(X xT,Hi + H2 + Hs) ®c(t) CT(T, Ho) 

since CT(X x T, Hq) = Co{X) ® CT(T, Ho). Also by [5l E], we have CT(T, Ho) x V ^ A^, 
where we recall that CT(T, Ho) x y is a twisted (nonassociative) crossed product and 
denotes the nonassociative torus. Also, by ^ 

CT{Y,q*{Hs))^,®A^ = {{CT{Y,q*{Hs))^,)^. 

Therefore 

((CT(r, q*iH,))^,)^ ^ CT(X xT,Ho + H, + H2 + H^) x V, 
proving the result. □ 

3. Nonassociative principal bundles 

In [5] the nonassociative bundles arose as duals of associative algebras, but in this section 
they are the main object of interest, so we shall take G = V, where ^ is a vector group. The 
quotient of V/Ahj a maximal rank lattice A is a torus T, whose Pontrjagin dual T = A-*- C V 
is the reciprocal lattice in the dual group which is trivial on A. 

We recall that an algebra A{X) over a locally compact Hausdorff space X is an algebra 
with a homomorphism from Co{X) to the centre of the multiplier algebra A4A{X), and, 
for consistency in the nonassociative case, we require this action to commute with that of 
Co{T). 

This suggests the following definition: 

Definition 3.1. A nonassociative algebra A{X) over X, with nonassociativity defined by (j), 
is called a nonassociative principal (T, 0) bundle (or NAP{T, cj)) -bundle), if there is an action 
7 of T as automorphisms of A{X) (commuting with the Co(X)-action) and an isomorphism 
of nonassociative algebras 

A{X) x^T = Co(X,/C<^), 
for twisted compact operators on some space. 



Example 3.2. This is clearly modelled on the definition of a noncommutative principal 
bundle in |9], to which it reduces in the associative case when = 1. As a concrete example 
we may consider the nonassociative torus algebra generated by unitary elements U{^) for 
^ G T satisfying 

uioiumio) = <i^i^,vx)iumiv))uic) 

for all ^,r],( ^ T. There is an obvious action of f G T action given by v : U{^) ^{v)U{^) 
which preserves the above defining relation. 
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The definition is also motivated in part by the following observation. Recalling that 
T = C V, ^ Theorem 8.3] tells us that, in the case discussed there, the nonassociative 
torus bundle is isomorphic to 

Co{X,JC4L\V)) x^,„ = Co(X,/C^(L2(i>)) >^^,,f, 

where the crossed product is a Leptin-Busby-Smith crossed product ([5j, Section 3]) defined 
by an action 7 and an algebra valued cocycle u satisfying 

j^o-fy = sid{u{x,y)) o-f^y, 
(j){x,y,z)u{x,y)u{xy,z) = 'y^[u{y, z)]u{x,yz). 

On the other hand, such a crossed product has a dual action 7 of T and if we knew a suitable 
version of Takai duality [Sj Theorem 9.2] for nonassociative algebras we should have 

Co(X, /C^(L2(V)) x^,„ f x^ T = CoiX, JC^iL^V)) ® 

showing that the definition does match what happens in the known nonassociative case, 
apart, possibly, from the nonassociativity. 

To investigate this last point we shall now show that the multiplier u does not compound 
the existing nonassociativity. 



Proposition 3.3. The action 7 off = C V on Co{X, IC^{L^{V))) defined (with the X 
argument suppressed) by 7j[K](?7,C) = (p{(,,vX)~^K{C,~^ri,^~^C) has a trivial associativity 
cocycle. 



Proof. We calculate that 



I— — T7t7<^c[^](^,C) 



= 0(^,w,C)0(^,^,w)7^c[^](^,C) 
= 0(u;,e,r/)0(u;,e,C)~Vc[^](r?,C) 
= ad(M(a;,0)7a.c[i^](r/,C), 

where u{oj,^) is the multiplication operator ipiv) ^ 'P{^:CyV)'^{v) -^^(^)- Now the 
associativity cocycle is given by 

= o^i^r/, c, -m, r/cr c, r'r ' 

and for ^, rj, ( E A"*-, we have 0(?7, (,^) = 1. □ 
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This result shows that in [5", Theorems 8.2, 8.3] the twisted crossed product by = T 
does not introduce any extra nonassociativity into 

A{X) = Co(X, 1C^{L\V)) xi^,„ A^. 
4. Strictification and duality 

In working directly from our definition our first task is to get a reverse Takai duality in 
which we start with a ~ 7 and then do a twisted product so that we can get 

A{X)^C,{X,1C^{L\V)) x^,„f. 

We shall approach this by proving a new, particularly interesting duality Theorem which 
arises from combining the duality Theorem |5^) Theorem 9.2] with the strictification procedure 
in ^ Appendix A]. In this section, we will take G to be an abelian Lie group. 

Before stating the Theorem we recall that, according to MacLane's strictification Theorem, 
any monoidal category is equivalent to a strict monoidal category, in which the associativity 
map A®{B®C) — {A® B) ®C is the obvious identification by rebracketing: a®{h®c) 1— )■ 
{a ® h) ® c. In [6J it was shown that, when the objects are Co(G)-modules (or C*{G)- 
modules) and the associator map is given by the action of G UM{Cq{G) x Cq{G) x Co(G)), 
the equivalence is particularly simple, and is given by a functor taking an object A to 
A ® Cq{G). This could be identified with the crossed product Ay\ G and it is useful to give 
its Fourier transformed version. In the following theorem , let A be such an algebra in a 
monoidal category as in [6j, with associator as above. 

Theorem 4.1. Let A he an algebra in a monoidal category as above, with associator cf). The 
multiplication for the crossed product ^ x G can be written in terms ofa{^) = f a(x)^(x) dx 
as 

(a -k b){x) = ax[b{x)]. 

where the action of a^. E A ^ Co{G) is a combination of the multiplication in A and the 
action ofCo{G). 

Proof. We shall write the composition in the abelian group G additively, but that in G 
multiplicatively. 

= j a{y)r]{y)a^[b{x)]{i7]-^){x) dxdydr] 
= /a(. + .),(.)a,|Mx)l«x)«.A; 

where ax{z) = a{z + x). Now 

{f.b){x) = J f{z)r]{z)an[b{x)]dzdr] 
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links the action of / e Co(G') with that of G, so 

= / a.(.),(.)«,lKx)]«x) i.dzdn = / aM-)]m i-, 

showing that 

(a*6)(x) = ax[b{x)]. 

□ 

This can be identified with the crossed product A >i G, but we wish to modify the tensor 
product <S>Co{G) to o so that 

(A o B) ®Co(G) C = A g)c„(G) {B ®c„(G) C). 

(An expUcit construction shows that this is possible: wc decompose G UM{Co{G)) 
UM{Co{G)) ® UM{Co{G)) as 0' ® 0" ® 0"' and then act by a ® 6 ^ [(0'.a) 
This enables us to get a functor sending Ao A ^ A® A. 

Definition 4.2. Changing the multiplication A® A — ?> ^ an algebra A to the multiplication 
AoA^A®A^A yields the modified crossed product ^ x"^ G. 



(We note that this crossed product is defined for any antisymmetric tricharacter t/;, and not 
just for (f). In general it changes the nonassociativity from that defined for one tricharacter 
to that defined by another.) 

Theorem 4.3. Let B he a C* -algebra and A = B yip^uG he a nonassociative Leptin-Bushy- 
Smith generalised crossed product, with associator defined by (p. Then for the dual action (3 
of G, we have 

AxfG^B^K^L^iG)), 

and, in particular, 

A>^tG^B®K:{L\G)), 

and 

Ay^^G^B®K:-{LHG)). 

An ordinary crossed product Ay\aG has a natural G action a and (^ xi^ G) Xa G with the 

double dual action a of G = G, is isomorphic to A® /C(L^(G)) with the action a on the 
first factor and the adjoint action of the right regular representation of G on the compact 
operators. This is true for associative and nonassociative algebras. 



Proof. We shall just give the algebraic form of the isomorphism. The technical details 
justifying the formal calculations involve showing that subspaces of compactly supported 
continuous functions in the domain and range of the isomorphism are dense, and those 
details are the same as in the usual case. The associativity of A is not relevant to the 
argument, which can even be generalised to the context of monoidal categories. 
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The first special case can be proved by noting that [5l Theorem 9.2] gives an isomorphism 

and by [HI Example A.l] the strictification sends }C-^{L^{G)) to }C{L^{G)), so that the result 
follows. 

In the general case we give the direct construction. We first note that for A = B xi G the 
elements of A are functions on G, with Go{G) acting by multiplication, and elements of the 
crossed product can be regarded as functions on G x G, with multiplication 

{a^b){s,x) = (0'.a),[(0".6)(x)].0'"(x) 

= j 0'(t)a^(t, ■)(3t[(p"b{s - t, x)].(p"'{x)u{t, s-t)dt 

= J (f){t, s — t,x)axit, s — t)f3t[b{s — t,x)]u{t, s — t) dt. 

We now introduce the transform 

a(t,x) = (3t+xld{t + X, x)]u{t, x)~'^ 

with inverse a{w,z) = (3~^[a{w — z,z)u{w — z,z)]. Then, recalling the relation between u 
and (f) and using the antisymmetry properties of ip, 

(3w[{a-kb){w, z)] = {a 'kb){w — z, z)u{w — z, z) 

= J {ip(f)){t, w — z — t, z)az{t, w — z — t) 

(3t [b{w — z — t, z)]u{t, w — z — t)u{w — z, z) dt 

= J ip{t, w — z — t, z)a(t, w — t)(3t[b{w — z — t, z)u{w — z — t, z)]u{t, w) dt 

= J 'ip{t,w — t, z)(3wld(w,w — t)]u{t,w)^^(3t[/3u,-t[biw — z — t, z)]]u{t,w) dt 

= J ip{t, w, z)/3w{d{w, w — t)](3w[b{w — t, z)] dt 

= j ip{t,w,z)(3^[a{w,v)](3^[b{v,z)]dv 

showing that we have ^/'-twisted multiplication of compact kernels. When ip = 1 we get the 
normal untwisted multiplication on the right, and when ijj = we get an ordinary crossed 
product on the left. □ 

This result does not depend on associativity of the original algebra, and enables us to 
confirm that the nonassociative bundles of [5j are NAP{T, 0)-bundles. 

Corollary 4.4. For A = Co{X, IC^{L'^{V))) Xj^uT there is an isomorphism 

Ax^T = Go{X, 1C^{L\V))) ® lC{L\f))). 
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Proof. With G = T and = (j) ^, we have 

Ax^T = Co(X, IC^L^V))) ® /C^jL2(f )), 

where 0a is the restriction of to A-*- x A-*- x A-*- which we showed in the last section was 
triviaL Thus the resuh follows. □ 

Corollary 4.5. For a torus T = V/A a nonassociative principal (T, 0) bundle A{X) satisfies 

A{X) ® IC{L\V)) ^ Co{X, 1C^{L\V))) Xs A^. 

Proof. With the appropriate change of notation (and using a for both the dual action and 
the equivalent action on kernels) our generalised Takai duality gives 

A{X) ® }C{L\T)) = {A{X) X, T) xs f = Co{X, }C^{L\V))) xs A^, 

as asserted. 

In this last case the double dual action of G is given by = C,{v)F{x,^), which 

Fourier transforms to 

a,[F]ix,z) = j av)a-^[F{xz~\imz)di 

= a^f a-,'[F{{xv){zv)-\Onzv)d^] 



= av[F{xv, zv)], 

which combines the action of on A with the adjoint action of the right regular represen- 
tation on kernels. □ 

This Corollary shows that the result of [5l Theorem 8.3] is valid for general NAP{T, 0)- 
bundles, and not just for the dual bundles considered there. 

The strictifiction duality result would enable us to give a more general notion of a nonasso- 
ciative principle T-bundle by asking that there is a T-action such that the strictified crossed 
product with T is G{X, /C(L^(T)). However, this is less useful than at first appears because 
the nonassociativity factor is obvious from the algebra and, in any case, is not lifted from 
the torus T. 

5. Classification of nonassociative principal torus bundles via 
nonassociative strict deformation quantization 

The next step will be to classify NAP{T, 0)-bundles more generally for a given 0. At this 
point we shall see that they automatically include the noncommutative case of [9l[5|, as well 
as the geometric case of principal bundles. 

Theorem 5.1. For a given G Z'^{T), each NAP{T, (j)) -bundle is associated to an element 
a G G{X, Z'^{T)) and a principal T-bundle E over X . Conversely these data can be used to 
construct an associated NAP{T,(j)) -bundle. 

12 



Proof. When = 1 this is basically the same as Theorem 2.2 of [9] (without the technical 
conditions such as compactly generated and second countabihty which are automatic for tori 
and their duals), and much of the proof simply follows the same lines, so we shall concentrate 
on the new aspects introduced by the nonassociativity. 

The definition of an NAP{T, 0)-bundle includes and the fact that there is an action, 
a, of T. The Corollary tells us that A{X) is stably equivalent to Co{X, )C^{L^{V)) x-y A^, 
where 7a = a is the dual action of A"*" = T action. The action of A G A^ on the twisted 
compact operators is given by 

and has a multiplier M(A,/i)(^) = 0(A,/i, ^), [5j. The cocycle u satisfies 

7a o 7/. = ad(M(A,/i)) o7a^. 

Other multipliers u can satisfy these relations, but the freedom in the choice is very limited 
since, in the first condition, two choices ui and U2 will give 

ad(Mi(A, /i)) o 7;^^ = o 7^ = ad(M2(A, /i)) o 7^^, 

forcing (j(A,/i) = ui{\, n)u2{\, jj)^^ to be central, that is in Cfe(X), and so also 7-invariant, 
since, by definition, 7 commutes with the action of Cb{X). The centrality and invariance 
of a allow us to make a comparison of the other conditions 0(A, /i, z/)'Uj(A, /x)Mj(A/i, z/) = 
7A[Mj(/i, u)\uj{\, fiu), for j = 1, 2, which tells us that a is an ordinary Cb(X)-valued cocycle: 
a{\, fj,)a{Xfj,,h') = cr(/i, z/)cr(A, /iz/). Moreover, since Ui and U2 are unitary so is a. We then 
argue as in [9], Section 2] or [llj to see that the only remaining freedom is given by H^{X, T), 
which is the choice of an ordinary principal T-bundle E over X. One can also argue as in 
[9[ Theorem 7.2] that a homotopic to a constant gives rise to K-trivial bundles. 

Conversely, suppose that we are given the data as above, (0, a, T — )■ _E — )■ X). Consider 
the abelian T — C*-algebra of continuous functions on E vanishing at infinity, Co{E). By the 
construction in [10, [H] , we can parametrize strict deform quantize this T — C*-algebra using 
a as deformation parameter, to get a new T — C*-algebra denoted by Co{E)a, which is a 
noncommutative principal torus bundle. By the construction in section 1, we can deform the 
noncommutative principal torus bundle Co^E)^ by to get the desired A^74P(T, 0)-bundle 
iCo{E)^)^. □ 

Appendix A. Octonions as a nonassociative strict deformation 

QUANTIZATION AND NONASSOCIATIVE PRINCIPAL BUNDLE 

The nonassociative real algebra of octonions can also be regarded as a nonassociative 
principal Z|-bundle over a one point space X. As noted in [5l El [H [161 PP 669-670], it is 
known that the octonions O can be described as a twisted group algebra of T = Z^, which 
is generated by {e(a) : a G Zg} so that 

e(a)e(b) = u(a, b)e(a + b), 
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where 

Since everything is real, this realisation of the octonions can also be identified with a real 
Leptin-Busby-Smith crossed product of R by T = Z^, acting as trivial automorphisms /3(a), 
and algebra- valued multiplier u, whose adjoint action is trivial and so consistent with /3. The 
nonassociativity is evident since 

(e(a)e(b))e(c) = ^(a, b)e(a + b)e(c) 

= M(a, b)M(a + b, c)e(a + b + c) 
_ ^(a,b)n(a + b,c) 

and the factor (p which measures the nonassociativity can be calculated to be 

0(a.b.c) = f-^+;'"';^-'i = (-ir'^»'. 

u(a, b)u(a + b, c) 

This is a finite group version of Example 3.2 with {U (^) : ^ G T} replaced by {e(a) : a G Z2}, 
and there is an action of /3 of p G T = = Z| by 

^(p)[e(a)] = (-l)P-Ma). 

Since this action of the dual group involves only real-valued characters, and the construc- 
tions in [51 Theorem 9.2] are independent of the field, we can produce a real version of the 
arguments leading to Theorem 4.3, and construct the twisted crossed product Oxi'^Z2 which, 
by the real version of Theorem 4.3, is R® /C(^^(Z2)). Since ]C{i'^{Zl)) can be identified withe 
the matrix algebra Ms(R). Theorem 4.3 also tells us that the crossed product O xi"^ Z2 is 
the 0-nonassociative matrix algebra. (See also the comment at the end of [6l Appendix 1].) 
This means that the octonions are an NAP{Z2, 0)-bundle over a point. 
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